Quantisation of Parameters and the String Landscape ProblemQ 
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We broaden the domain of application of Brustein and de Alwis recent paper [lj], where they 
introduce a (dynamical) selection principle on the landscape of string solutions using FRW quantum 
cosmology. More precisely, we (i) explain how their analysis is based in choosing a restrictive 
range of parameters, thereby affecting the validity of the predictions extracted and (ii) subsequently 
provide a wider and cohesive description, regarding the probability distribution induced by quantum 
cosmological transition amplitudes. In addition, employing DeWitt's argument [2J for an initial 
condition on the wave function of the Universe, we found that the string and gravitational parameters 
become related through interesting expressions involving an integer n, suggesting a quantisation 
relation for some of the involved parameters. 



I. INTRODUCTION 

The existence of a multiverse of vast solutions [1, 0, Q 
to string theory [f| constitutes currently an important 
challenge Q: How to select a Universe or a class from 
the multiverse that will bear significant similarities to 
ours? 

The framework of quantum cosmology [1, [l(| pro- 
vides a methodology to establish a probability distri- 
bution for the dynamical parameters of the universe. 
This distribution probability depends on the boundary 
condition chosen for the wave function of the Universe 
[ill [l2l [l3| . Extending the procedure towards string the- 
ory requires the inclusion of the dynamics of the moduli 
(namely, their eventual stabilisation through, e.g., fluxes 
and non-perturbative effects [2 HE> Efl ) ■ A simple set- 
ting where this quantum cosmological approach can be 
tested is that for which the moduli, the dilaton S, and 
the volume modulus T are fixed by stringy effects (cf. 
ref. 0). 

Recently, R. Brustein and S. P. de Alwis (BA) pro- 
posed in [l|, using FRW quantum cosmology, a dynam- 
ical selection principle on the landscape 1 of string so- 
lutions [H, without reference to the anthropic principle 
[l9l [20l | . In more detail, this selection principle employs a 
thermal boundary condition for the wave function of the 
Universe and leads to results similar to those found by 



Sarangi and Tye 2 [2l[. This boundary condition states 
that the Universe emerges from the string era in a ther- 
mally excited state above the Hartle-Hawking (HH) vac- 
uum, allowing to determine a tunnelling probability to 
different points in the landscape. Furthermore, this pri- 
mordial thermal bath is effectively described by a radia- 
tion fluid which "depends" on the cosmological constant. 
Moreover, these ansatze imply a switch in the usual fea- 
tures of the HHjl] and the tunnelling (Vilenkin) [1, [28| 
(see also [l(| Il3j| for a variation) wave functions: The 
HH wave function, once the thermal boundary condition 
of [l[ is assumed, favours a non-vanishing cosmological 
constant larger than the one preferred by the tunnelling 
(Vilenkin) wave function. The extension to a model with 
dynamical moduli was also presented in [l[, applying it, 
e.g., to the model of Kachru, Kallosh, Linde and Trivedi 
(KKLT) [l5| . BA subsequently selected a class of values 
for the parameters that characterise a multiverse in the 
landscape [l|. 

Such a quantum cosmological scenario constitutes in- 
deed an interesting and promising framework to address 
the string landscape problem 3 . Nevertheless, there are a 
few significant points that do require additional investi- 
gation and which we address in this paper as follows. 

In Section |TT] we will review critically the issue of de- 
termining transition tunnelling amplitudes for a closed 
FRW Universe with a positive cosmological constant, A, 
and a radiation fluid (i.e., the simpler background intro- 
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It should be noticed that there is an alternative methodology to 
investigate the multiverse in the string landscape. It is based on 
the statistics of the solutions 4, 29, 30, 31] and claims that the 
number density of solutions is uniform as a function of the value 
of the cosmological constant. 
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duced by BA in [l[ ; Note that a detailed description of a 
FRW minisuperspace with a cosmological constant and 
a radiation fluid can be found in |32l . l33l ] ) . In Section 
IIII1 we thoroughly analyse the thermal boundary condi- 
tion proposed in [I], clarifying the approximations used 
therein and the limits of their applicability. In particular, 
we discuss how making the amount of radiation to "de- 
pend" in a very particular way on the cosmological con- 
stant is the key of BA new insight (see Eq. (fl5|) ). thereby 
switching the roles of the Hartle-Hawking [8| and tun- 
nelling (Vilenkin) 0, [28| wave functions in the sense we 
have previously mentioned. Moreover, we prove that the 
thermal boundary condition applied in [l| corresponds to 
the particular physical situation where the amount of ra- 
diation is very large. Section llVl constitutes an important 
element of our analysis. Therein, we explain how the BA 
analysis is based on a narrow approximation range and 
not fully sustainable. We then provide a broader and 
improved analysis that is independent of such restrictive 
limit; i.e. we consider an arbitrary amount of radiation 
consistent with the tunnelling of a radiation-filled Uni- 
verse with a positive A. Furthermore, we point out that 
the switching of the roles of the Hartle-Hawking Q and 
tunnelling (Vilenkin) Q wave functions is not manda- 
tory, when investigating the probability of tunnelling to 
different points in the landscape, under the presence of a 
radiation term which depends on the cosmological con- 
stant. 



The FRW minisuperspace employed in the previous 
Sections allows to extract additional new results that 
were not the focus of interest in In fact, in Sec- 
tion [V] we explain how a quantum mechanical formu- 
lation allows to determine how some parameters, which 
may characterise a multiverse in the landscape, would be 
related through an integer. This result is obtained by 
imposing DeWitt's condition 0, H3, [35j|; i.e. the wave 
function vanishes at a classical singularity, to address 
the presence of a divergence in the curvature. More pre- 
cisely, the employed FRW minisuperspace (cf. has 
such a divergence in a classically allowed region. This 
singularity can be dealt with, not by replacing it with 
an Euclidean conic-singularity-free pole, but instead , by 
making it quantum mechanically inaccessible 0, l34l l35l |. 
therefore turning it neutralised. In Section lVTl we include 
moduli fields similarly to [l[ , but adapting in a consistent 
manner the improved thermal boundary condition treat- 
ment of Section 4 towards a KKLT-like setting. Finally, 
in Section IVIII we present a summary of our work, dis- 
cussing the physical implications of our results. 



For completeness, let us point out the relation between 
the notation used in [l[ and the followed in this paper 
(a 2 = 2G/(3tt)): 
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II. FRW TRANSITION AMPLITUDES WITH 
RADIATION AND A POSITIVE 
COSMOLOGICAL CONSTANT 

The aim of this section is to review (cf. Refs. [HI, I32I 
I33L [3^ |) the standard framework concerning transition 
amplitudes for a closed radiation-filled FRW Universe 
with a cosmological constant and for two well-known 
boundary conditions: the Hartle-Hawking (HH) Q and 
tunnelling (Vilenkin) [9(. 

The Wheeler-DeWitt equation for a closed FRW Uni- 
verse filled with radiation, represented by a perfect fluid 
whose energy density is given by p = 3-ftf/(87rGa 4 ), and 
a positive cosmological constant, A (A = 3A), reads 



G d 2 
37r da 2 



*(a)=0, 



(1) 



V(a) = a 2 - Xa 4 



K. 



In the previous equations a is the scale factor, G is the 
gravitational constant and K is a parameter that mea- 
sures the amount of radiation. It can be seen that there 
are two turning points a± for < AKX < 1, where the 
potential V vanishes (see Fig. Q}: 

a ^ = l±m m=y / 1 _ Akx (2) 
2A 

These turning points split the Lorentzian and Euclidean 
regions. We also note that the maximum of the potential 
V is reached at 



a* 



VV2A, 



where 



V{a*) = --K. 



(3) 



(4) 



Therefore, there will be always an Euclidean region as 
long as the condition 



V(a») > 4AA" < 1 



(5) 



holds. Consequently, the maximum amount of radiation 
consistent with the tunnelling of the Universe is such that 
K < K max (see Fig. [T|), where 



K„ 
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4A' 



(6) 
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FIG. 1: The blue solid line represents the potential Vq de- 
fined as V(a) given in Eq. ([T]) in absence of radiation; i.e. for 
K = 0. The red dashed- lines represent different amounts of 
radiation given by K and K max . The turning points, a±, are 
the solutions of Vo(ffl) = K. The larger is the amount of radi- 
ation; i.e. the larger is K, the closer are the turning points. 
For K = Kmax, a+ and a_ coincide. This amount of radi- 
ation represents the border line between having a tunnelling 
effect and no tunnelling effect. We will refer to a Universe 
with an amount of radiation such that K is close to K ma x 
(but still smaller than K max ) as a Universe filled with a large 
amount of radiation. 



From now on, for a given positive cosmological constant, 
we will refer to a Universe as filled with a large amount 
of radiation if the radiation energy density is such that K 
is close to K max but still smaller than K max (see Fig. [T]) . 

The transition amplitude, A, of the Universe to evolve 
from the first Lorentzian region (a < a_) to the larger 
Lorentzian region (a > a+) can be estimated within a 
WKB formulation. It will depend crucially on the bound- 
ary condition imposed on the wave function of the Uni- 
verse. Indeed, it is known that [H, [33[ (see also [35j ] ) 



A = exp(e27), I = — J ^/V(^da, 



(7) 



where e = 1 for the HH wave function and e = — 1 for the 
tunnelling (Vilenkin) wave function. Then, the transition 
amplitude is found as [2^, [H| 



A = exp(e2J), I = 



2«G 



Kf, 



(8) 



where 



f = 1 T yJ U I E ( a ") _ (1 _ m)K(ajj)] , an = 
K X 
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FIG. 2: Plot of / defined in Eq. (|9} as a function of KX, where 
/ = eV2G/{nK)\nA. For a given arbitrary amount of radi- 
ation (a given K ^ 0), the preferred value for the cosmologi- 
cal constant by the tunnelling (Vilenkin) boundary condition 
(i.e., e = — 1) minimises /. On the other hand, the preferred 
value for the cosmological constant by the Hartle-Hawking 
boundary condition, (i.e., e = 1) maximises /. 



i.e. the largest amplitude is obtained for x — KX — ► 
or A — > 0. This is a rather curious aspect. In fact, for 
A — ► 0, we have a+ — ► oo, a* — > oo, V(a») — > oo as 
V(a) — > a 2 — K: It is an effective harmonic oscillator 
behaviour for a zero energy state, as the height of V 
increases to infinity and a tunnelling endpoint goes to 
infinity as well. Hence, "where" does the quantum Uni- 
verse tunnels to in the case of A — * 0? On the other hand, 
the tunnelling (Vilenkin) wave function indicates that the 
largest amplitude is obtained for x — > 1/4; i.e. a cosmo- 
logical constant such that KX — * 1/4, where both turning 
points coincide and consequently there is no tunnelling 
(see Figs. [H and 0]). In addition, the maximum of the 
potential V(a) also decreases to zero as shown in Fig. [T] 
In essence, there is "no potential" to tunnel from and the 
evolution will not correspond to a quantum mechanical 
transition [36l |. 

The above asymptotic features are based on an arbi- 
trary amount of radiation as long as < x < 1/4. If 
one considers instead a small amount of radiation such 
that x = KX <§; 1, then a 2 ^ ~ 1/A, a_ ~ K and 
V(a*) ~ 1/(4A). Therefore, it can be easily seen that 



KX 



1 - - (41n2-]n(ifA) + 1 ) KX 



(10) 



(9) for KX < 1. Then using Eq. ©, it turns out 



with K(m) and E(m) as complete elliptic integrals of the 
first and second kind, respectively |48j . 

For a given amount of radiation; i.e. a fixed non-zero 
value of K, f is a decreasing function of x = KX (see 
Fig. Consequently, the HH wave function suggests 
a vanishing cosmological constant (see Figs. [D and [3]); 



A ~ exp • 



1) KX 



(11) 



Consequently, the Vilenkin wave function is in agreement 
with the tunnelling of the Universe and suggests a non 
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vanishing cosmological constant. In contrast, the HH 
wave function will still favour a vanishing cosmological 
constant: This constitutes the standard result (cf. for 
example refs. [28], [H, [36|) for the transition amplitude 
of a closed FRW Universe filled with a positive vacuum 
energy density modulated by some corrections due to 
the presence of a small amount of radiation in the Uni- 
verse. Regarding these results, it should be added that, 
(i) in order to retrieve a proper tunnelling effect from the 
Vilenkin wave function with radiation, one needs an up- 
per "cut off' in KX (see Figs. [5] and 2]), (ii) in order to 
predict a non vanishing cosmological from the HH wave 
function one needs a lower "cut off" in KX (see Figs. [2] 
and [3]). The inclusion in this analysis of back-reaction ef- 
fects due to metric fluctuations and quantum effects due 
to vacuum energy, constitute recently addressed issues 
(see, e.g., PUj). 
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FIG. 3: Plot of the transition amplitude, A, for the HH 
boundary condition as a function of x — K a X a = KX and 
A a , where K a , A a are dimensionless variables denned as 
K a = K/G and A a = GA. 



In the next section, we describe how the presence of 
radiation can be employed (cf. [l|) to formulate (within 
string theory) an initial quantum state for the universe. 



III. BRUSTEIN AND ALWIS THERMAL 
BOUNDARY CONDITION 

Brustein and de Alwis (BA) have proposed a variant 
boundary condition for the wave function of the Uni- 
verse [l|: The Universe emerges from the string era in 
a thermal state above the HH vacuum state (where the 
HH vacuum state is the HH wave function with K = 0). 
In addition, self-consistency of their approach requires 
that the highest energy density on the region of interest 
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FIG. 4: Plot of the transition amplitude, A, for the tunnelling 
(Vilenkin) boundary condition as a function of x = K a \ a = 
KX and A a , where K a , X a are dimensionless variables defined 
as K a = K/G and X a = GA. 



(a_ < a < a+) is such that 

p(o_) - CMt < Ml. (12) 

Therefore, the parameter C satisfies C < 1. On the other 
hand, BA consider that C is related to the number of de- 
grees of freedom, ndof, in thermal equilibrium through 4 



C 



b 4 ' 



(13) 



As described in Ref. [21j (cf. Eq. (1.10) therein; 
see also Eqs. (1.2), (1.3) and (2.14) in [22[; also briefly 
pointed out in BA's paper), ndof constitutes the num- 
ber of light degrees of freedom included in the environ- 
ment (e.g., for just pure gravity we have ndof — 2 for the 
two tensor modes). More precisely, the framework from 
which the setting in [2l[ and consequently that of [H, is 
retrieved is that of a (sub)system (with very limited de- 
grees of freedom; e.g., a time dependent scale factor and a 
scalar field), with the remaining degrees of freedom (e.g., 
fluctuations of those fields) constituting the environment 
(which can be integrated over). Tracing over the fluctu- 
ations produces a decoherence term (cf. Ref. [13]) which 
will depend on a specific cut-off. In string theory, this 
will depend on the (open and closed) string spectrum and 
has to be calculated for each vacuum, hence depending 
possibly on compactification and dilaton moduli, among 
other more complex possibilities [2l|, [22j ■ The inclusion 
and full treatment of all these features in computation of 
transition amplitudes can be challenging as pointed out 
in Ref. 

In attempting to include a parameter that would rep- 
resent a string density of states, this is found to be de- 
pendent on the specific model. For example in [381 ] . it is 



4 In the notation introduced in b 4 = 4ir 2 c 4 . 
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given the density of state for open strings in the context 
of D3 branes in Eq.(D2) and for closed strings in Eq.(D5) 
(see also Eqs. (l)-(2) of Ref. pj]). On the other hand, 
in Ref. [4(| another expression is given for the density of 
state of strings compactified in a nine-dimensional box 
(see for example Eq.(A.l) of the mentioned paper). 

For simplicity, we follow the indications and procedure 
in [l[ , which adapts from [2l|, [22j • 

BA approximate the smaller turning point by 



1 

2A' 



(14) 



We would like to point out that this approximation is 
valid as long as 4KX ~ l - (following the notation intro- 
duced in Section [ll|; i.e. the thermal effect corresponds 
to a large amount of radiation where K is close to K max 
(see Fig.[T]). Moreover, it should be noted that 4K A ~ 1~ 
implies m ~ leading to a potential with a very small 
positive height and a_ ~ a + (cf. Eq. (O). 
Then, combining the last equations, i.e., 

• Requiring the restriction of AKX ~ 1~ (or equiv- 
alcntly K ~ K max , see Fig. [T]) which leads to 
a 2 _ ~ a\ ~ 1/2A, 

• Imposing subsequently the bound (fl"2"l) , 

• Employing (fl"3l) . 
BA obtain 5 

p = -^7 — , K 



8ttG a* 
ln dof b- 4 wGMj 



v 



(15) 



In this manner, the radiation term "depends" explicitly 
on the cosmological constant A. 

On the one hand, BA then conclude that the HH wave 
function in this case favours a positive non- vanishing cos- 
mological constant [l[, differently to what is exposed in 
Section |nj The reason these authors got a different an- 
swer is because they asked a different question. Let us 
be more precise: Instead of looking for values of A that 
maximise the transition amplitude for a fixed value of K, 



they looked for values of A that maximise the transition 
amplitude for a fixed value of v. Indeed, the transition 
amplitude, A, can be rewritten as 



.A = exp(e2J), I 



7T 1 



22G^ 



(16) 



where 



g = - Vl + m [E(ajj) - (1 - m)K(a H )} , a n 



2 m 



(17) 



Then, it can be seen that the function g is an increasing 
function of vj\ until the ratio vj\ approaches 0.12 and 
then it starts decreasing (see Fig. [5]). Consequently, for 
a fixed value of v the HH wave function favours a non- 
vanishing cosmological constant, namely A ~ 8.33 

However, let us point out that the result A ~ 8.33 v 
is not quite compatible with the approximation claimed 6 
by BA in Q (see Eq. (fM)) ); i.e. A ~ 4 v. Moreover, the 
use of a WKB approximation is valid as long as 



G 



dV(a) 



da 



« |V(a)| 3/2 . 



(18) 



So, if 4KX ~ 1 , the scale factor in the Euclidean re- 
gion will be of the order of a_ or a + ; i.e. of the order of 
l/v2A (cf. Eq. (Ti~4"|) and the paragraph below). Conse- 
quently, the WKB approximation breaks down below the 
barrier because both sides of the inequality (fl~8|) vanish. 
In more detail, the WKB approximation can still hold in 
the Lorentzian regions but not in the Euclidean region. 
Nevertheless this weakness can be dealt with. In fact, 
we will provide in Section IIVI a broader and improved 
analysis for the thermal boundary condition without the 
restriction AKX ~ 1~. We will also show how some of 
the conclusions reached in [l| can be reversed. 

On the other hand, the tunnelling (Vilenkin) wave 
function modified by the thermal effects and for a fixed 
value of v 1 either favours (i) v/\ — > (large A and small 
K) which is incompatible with the approximation as- 
sumed in [U (cf. Eq. ((Til)) or favours (ii) no tunnelling, 
since A ~ 4 v (or equivalently 4K A ~ 1). These features 
are shown in Fig. [SJ 



5 In the notation herein used, v and A are dimensionfull unlike in 
Q|. Nevertheless, the ratio v/\ in our notation coincide with the 
one introduced in [lj. The correspondence between our notation 
and the notation used in Ref. []| is presented in a table at the 
end of Section [I] By checking Eq. (26) of BA paper [l[ it turns 
out that there is a factor of 2/3 missing. This does not affect the 
location of the extremum. Then, if we plot this result (bearing 
in mind that BA use a different notation for the complete elliptic 
integrals [491). it turns out that g reaches it maximum when v/X 
is located at 0.12, which coincides with our results. However, in 
fjl it is written that the maximum of v/\ is located at 0.19; i.e. 
for A ~ 5.26v using the most accurate approximation. It is is 
also stated in [lj that it is also possible to get A ~ 81/ using a 
less accurate approximation based on a triangular integrand. 



IV. A BROADER ANALYSIS OF THE 
BRUSTEIN-ALWIS BOUNDARY CONDITION 

In this section, we (i) widen and improve the applica- 
tion of the thermal boundary condition [l[ and (ii) will see 
how some of the results obtained in the previous section 
are then modified when we relax the condition AKX ~ 1~ 
(implicitly assumed in [l|). We designate the broader 



6 See also footnote 5. 
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FIG. 5: Plot of g defined in Eq. (|f 7(1 as a function of u/X, 
where g — e^GvlnA. For a given arbitrary u, the pre- 
ferred value for the cosmological constant by the tunnelling 
(Vilenkin) boundary condition (i.e. e = — 1) minimises g. On 
the other hand, the preferred value for the cosmological con- 
stant by the HH boundary condition, (i.e. e = 1) maximises 
9- 




v/X 

FIG. 6: Plot of the dimensionless turning points 2va± as a 
function of v /A. The blue solid line corresponds to the larger 
turning point 2va\. The red dash-dot line corresponds to 
the smaller turning point 2va 2 _ . Although it seems that both 
turning points coincide for very small values of v j A it is not 
the case (see the text). Consequently, even in this case the 
Universe can tunnel through the barrier V(a). For v/X ap- 
proaching 1/4 both turning points coincides and consequently 
there is no tunnelling. 



setting introduced in this section as generalised thermal 
boundary condition for the wave function. Herein: 

• We will assume instead an arbitrary amount of ra- 
diation, consistent with a tunnelling of the Uni- 
verse; i.e. K < K max (see Fig. [[]); 

• We will not assume the approximation used in 
Eq. (|14p and therefore we will rather consider the 
full expression ([2]) for a_ given in Section [Til 

• Consequently, we will not restrict ourselves to 
the particular situation corresponding to a large 
amount of radiation; 

• The radiation energy density still reads 

m i 



p : 



8ttG a 4 ' 



(19) 



but now K is related to the cosmological constant 
through the more general expression 



K = 



4v\- 



(l + 4!/A- 1 ) 2 ' 
while v is defined as before; i.e. 



-n dof b-\GM 4 s . 



(20) 



(21) 



It should hence be noticed that we recover Eq. (fl~5|> 
using Eqs. (fT9| - (l2T|) when Av/X is approaching 1. In this 
limit, both turning points come closer. Indeed, a_ and 
a + coincide at iu/X = 1 (see Fig- EJ)- Equivalently, in 
this case AK X is approaching 1 being the case where both 



a\/K 




FIG. 7: Plot of the dimensionless turning points a±/K as a 
function of KX. The blue solid line corresponds to the large 
turning point a\/K. The red dash-dot line corresponds to 
the smaller turning point a 2 _/K. For KX approaching 1/4 
both turning points coincide and there is no tunnelling. 



turning points overlap, inducing no tunnelling. This lim- 
iting case is represented by a square in Figs. [8] and [9] (see 
also Fig.©. 

From Fig.[6l it looks like that there is another physical 
situation where both turning points would coincide, cor- 
responding to a large cosmological constant (yjX — > 0) 
and a small amount of radiation as measured by the pa- 
rameter K {KX — > 0). This limiting case is represented 
by a circle in Figs. [S]and[5] However, in this case it can 



7 



be easily seen that although the turning points are small 



A2 



1 

A' 



their relative ratio is very large 

a\ 1 
~ KA 



> 1. 



(22) 



(23) 



Consequently, the Universe may still tunnel from the hrst 
Lorentzian region to the larger one. This comment will 
be important for the tunnelling (Vilenkin) proposal (see 
below and Fig. [9]). 



KX 




FIG. 8: Plot of KA as a function of vjA. v/Ais bivalued as 
a function of KA except in the particular case = 1 or 

equivalently 4KA = 1. There is a one to one correspondence 
between the circle, the square and the star in this plot and 
the ones in Fig. [9] 

Within the broader range employed in this section, the 
relevant feature is that the transition amplitude as a func- 
tion of vj A will be unlike the one deduced in This is 
represented in Fig. [5] which is indeed quite distinct from 
Fig. [3 The reason is that the dependence of the radia- 
tion energy density on A is modified with respect to the 
one used in Section |TTT] (cf. Eqs. (fl"5]) and (|2"0]) h although 
the transition amplitude is given by Eqs.© or (fT7| . Our 
generalised expressions for the transition amplitudes in- 
volve the use of Eqs. ©-© or Eqs. (fTB ]> - ([TT jl . but with 
the parameter m given by 



1 



4 ll 



4f 



(24) 



and therefore the parameter an in Eq. © or Eq. (jTTJ) is 
modified accordingly. Moreover, the modification of the 
transition amplitude with respect to BA case is due to 
the modified Eq. ([20]) which is different from Eq. (fT5j) . A 
plot of g relevant for our new generalised expressions for 
the transition amplitude is given in Fig. [9] 

In such context, a pertinent question follows: What 
will be then the most likely value of the cosmological 
constant for a given value of vl 



Regarding the HH wave function, it now favours a 
vanishing cosmological constant (yj\ — ► oo) and K ~ 
1/(4^). This physical case is represented schematically 
by a star in Figs. [5] and [5J The turning points can be 
approximated by 



2 I 



(25) 



and, in particular, it turns out that 



I 

~KA 



> 1. 



(26) 



Moreover, it can be easily shown that the transition am- 
plitude in this case can be approximated by 



A 



exp 



exp 



7T 


1 - 


3 






GA 


16 




1 - 






?( 



6 In 2 - In ■ 



GA 



(27) 



In this manner, the role of the HH wave function and 
subsequent transition amplitude is returned to its "orig- 
inal" implication, with the thermal boundary condition 
being implemented in a fully consistent manner and not 
restricted to a narrow (perhaps not fully valid) limit. No- 
tice as well that the expressions (J22J [([25])] and ([25) [ (ggj) ] 
coincide as a function of K , though they correspond to 
different physical situations. Indeed, the limiting case 
corresponding to Eqs. J22J) and (J23J) [([23 and (|2"6)] is rep- 
resented by a circle [star] in Figs. [5] and [5] Furthermore, 
even though the maximum height of the potential in both 
cases is given by the same expression V(a*) ~ 1/(4A), in 
the HH case V(a*) is very large because A is very small, 
while in the other case, depicted by a "circle" in Figs. [5] 
and[H the height of the potential is very small because A 
is very large. In addition, it turns out that in both cases 
after the tunnelling, the size of the Universe does not 
depend on v or on the number of "degrees of freedom" , 
although the maximum size of the first Lorentzian region 
depends on v. The expressions {25) [([23])] and (25} [ ([26"]) ] 
coincide when taken as a function of K, because v j\ is 
bivalued as a function of KX (except in the particular 
case Av/A — 1 or equivalently AKA = 1) (cf. Fig. [8}. 

Concerning the tunnelling (Vilenkin) wave function, 
it favours two possible physical situations depicted by a 
circle and a square in Figs. [S] and [5] On the one hand, 
the "circle" option corresponds to a large cosmological 
constant (v/A — > 0) and a small amount of radiation as 
measured by K {KA — » 0), with the turning points being 
given in Eq. (|22p and where the transition amplitude can 
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be approximated by 7 



X~«p{-^[l-3(21n2-ln^ + l)g} 



exp 
exp 



7T 

GA 



1 - - ( 4 In 2 - ln( AA) + 1) if A 



(28) 



On the other hand, the "square" option implies no tun- 
nelling, that is, Au/X — ► 1 or equivalently 4AA — > 1; i.e. 
both turning points coincide. In this case, the transition 
amplitude can be written as 



.4 



exp 



exp 



.^lJ-fl-4^ 
32^ GA V A 

^ 1 '1-4AA 



32 V2 GA 



(29) 



It is not possible at this stage to indicate which of these 
two possibilities is more likely. In order to shed some 
light on this question, we will employ DeWitt's argument 
[I IM HI in Section El 

Before proceeding, let us clarify the following concern- 
ing our results in this section: 

• Eq. (|22p (corresponding to a circle in Figs. [8] and [9]) 
corresponds to the turning points for small amount 
of radiation as measured by A and a large A. The 
transition amplitude in this limiting case is given 
in Eq. (j28|) . This means we discussed the case 
with radiation density being less than the amount 
which saturates the limit for semiclassical consis- 
tency (cf. Ref. [J). 

• The amount of radiation can be made smaller than 
the above (with respect to M* ), by having a smaller 
constant C. But this situation does not change our 
results significantly. 

• Eq. ((2"5]) (corresponding to a star in Figs. [5] and [5]) 
corresponds to the turning points for v/X — » oo; 
i.e. a small cosmological constant and A ~ l/(4f). 
The last condition comes from taking the limit 
v/X — > oo in Eq. (|20p. The transition amplitude 
in this limiting case is given in Eq. (|27p. 

When the radiation density exceeds the semiclassical 
saturation bound, specific string effects would have to be 
considered 0, Ha M, EH El • 

In the heterotic string theory [4l[ below the Hagedorn 
temperature essentially only the massless excitations (ra- 
diation) contribute to the energy density of the gas of the 



7 It should be noticed that the second expression of the ampli- 
tude given in Eqs. II27H and i'2St coincide with the one given in 
Eq. 1111 . The reason is again due to the fact that v/X is bivalued 
as a function of KX (except in the particular case Av/X = 1 or 
equivalently AKX = 1). 



0.04 



0.03 
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FIG. 9: Plot of g introduced in Eq. (|17[l with the parameter 
m given in Eq. l|24p as a function of the ratio v/X. There is 
a one to one correspondence between the circle, the square 
and the star in this plot and the ones in Fig. [8] The preferred 
cosmological situation by the HH wave function is depicted 
by a star in the plot. The preferred cosmological situations 
by the tunnelling (Vilenkin) wave function is depicted by a 
circle and a square in the hgure. 



heterotic string excitations. As one approaches the Hage- 
dorn temperatures i) the radiation density gets larger and 
larger, meaning larger and larger values for C, which im- 
plies a smaller scale factor and therefore a larger tem- 
perature and ii) the energy density associated with the 
massive strings is no longer negligible. Therefore, the 
expression for the energy density that fills the universe 
would be radiation plus other components. A subsequent 
analysis will have to include the energy density of the 
massive states. 

In a complementary context, from the thermodynamics 
of strings in the background of D-branes, it can be also 
assumed that open string dominates over closed strings 
[38l |42j . For example, particularising to the case of D3 
branes, the equation of state for the open string gas in 
the Hagedorn regime was given in (38l . 39] . This equation 
of state is a specific case of a generalised Chaplygin gas 
equation of state where the strings will redshift like dust; 
i.e. pressure less matter. In this case a dust term must 
be added to the potential V(a) (see Eq. JT])) in addition 
to the radiation term and the cosmological constant. The 
gas of strings will modify the turning points. If A acquire 
its maximum allowed value in absence of a gas of strings 
then there are no longer turning points and therefore no 
tunnelling. On the other hand, if A is small enough 
then there are two turning points (closer than in absence 
of a gas of strings) and the transition amplitude given 
by Eq. ([5]) will be smaller. This conclusion is based in 
comparing a situation with and without a gas of strings 
but with the same amount of radiation, i.e. same A. 
However, this situation is not very realistic because the 
parameter A should be smaller in presence of a gas of 
strings. 
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Of course, the transfer of energy from open strings into 
radiation (in the reheating phase) can be introduced. 
Then, the energy densities of the string gas and radia- 
tion will depend on the Hubble rate (see Ref. [38j) which 
takes into account the energy loss of strings into radi- 
ation. Now, because the energy densities depends on 
the Hubble rate, H, the Friedmann equation is different 
(it is cubic in H). This fact will modify the Hamilto- 
nian constraint and therefore induce a modification of 
the Wheeler-DeWitt equation. This analysis is out of 
the scope of this paper. In any case, we would like to 
stress that in the present paper, we are interested in a 
situation below the Hagedorn temperature like in Ref. [l[ . 



V. DEWITT'S ARGUMENT AND THE 
BRUSTEIN AND ALWIS BOUNDARY 
CONDITION 

A pertinent feature concerning the minisuperspace 
of a closed FRW Universe with radiation and a posi- 
tive cosmological constant is that a classically allowed 
(Lorentzian) region may exist for < a < a_ (cf. Fig. [T] 
and Eq. ([2])). This is of relevance due to the following. 
It can be shown that for small values of the scale fac- 
tor the corresponding Ricci curvature is not well defined. 
Indeed, it diverges 8 . In order to deal quantum mechani- 
cally with this situation an interesting procedure was ad- 
vocated by B. DeWitt 0, which has been recently used 
in Refs. [H, [35j]. In more detail, DeWitt's argument in- 
volves the assumption that the wave function vanishes at 
the singularity; i.e. at a — for our FRW model. 

The DeWitt's argument applied to BA wave function 
yields [H 



3tt 



y/-V(a) da - -= nTr, neN. (30) 
2G Jo 4 

The previous condition results in (see for example [33]) 



vT+m [E(a/) — mK(ai)] — - = nir, (31) 

2iGA 4 



where 



Otj 



1 — m 
1 + m 



(32) 



We recall that the thermal boundary condition under the 
description of Ref. [l[ (cf. Section 3) suggests A ~ 8.33 v. 
Consequently, we obtain 9 



8 However, the Ricci scalar, R, is well defined, for a radiation filled 
Universe with a positive cosmological constant. R is constant and 
positive. 

9 See Refs. |37l |43|1 , for previous proposals for quantisation con- 
ditions of the cosmological constant. We thank C. Kiefer for 
pointing out to us these references. 



GA ~ 0.4\/2(l + 4n)- 



(33) 



which implies not only that the weaker is gravity (smaller 
G), the larger is the cosmological constant (for a fixed 
value of n) but also that there is a quantification relation 
between G and A. 

As we already mentioned in Section HTT1 A ~ 8.33^ is 
not fully in agreement with the approximation made in 
Eq. (TTJJ: A ~ 4 v, i.e. with a large amount of radiation 
(see Fig. []} implicit on the BA thermal boundary con- 
dition context (see the third line before Eq. (13) in [l[). 
If we take into account the approximation in Eq. (|14[) or 
equivalently A ~ 4 v, then it turns out that 



(34) 



GA ~ V2(l + 4n)" 



Consequently, we obtain a fairly similar conclusion. 

Another interesting result follows for the cosmological 
constant and the string mass scale. In fact, Eq. (|T5|) and 
the quantification relation (|34|) (the final result between 
M s and A is slightly modified for Eq. (|33|) ) implies 



2 3/2 



ndof nM? 



6 4 



A^ 



(35) 



The larger is M 2 , the larger is A (for fixed values of n, b 
and ridof)- In addition, the larger is n, the smaller is the 
cosmological constant (given M% , b and ridof fixed). 

Finally, we would like to point out that the previous 
relations given in Eqs. (|34j) and (|35|) implies a relation 
between M s , M p (G = M~ 2 ) and n do f. 



m p~ Vi^ M * (1+4n) - 



(36) 



It turns out that the larger is M s , the smaller is the num- 
ber of degrees of freedom in thermal equilibrium given by 
ndof (for fixed values of n, b and M p ). This result is in 
agreement with Eqs. (j3~4"|) and (|35[) under the same as- 
sumptions; i.e. for fixed values of n, b and M p . 

Let us now apply DeWitt's argument Q (see also [13, 
l35l ]) to establish which of the two possibilities favoured 
by the tunnelling wave functions (see Eqs. (f2"8"|) and ([2^1) ) 
is more probable once the generalised thermal boundary 
condition is imposed (cf. Section HV)) . 

It is then crucial to remark the following. The modi- 
fied tunnelling (Vilcnkin) wave function by the thermal 
effect proposed in [l| (and assuming the approximation 
used in Eq.(fT4]) which is implicit in jlj]) is incompatible 
with DeWitt's argument. The reason is that such wave 
function favours no tunnelling; i.e. the turning points are 
of the same order of mag nitude (a 2 ± ~ 1/(2A)), while De- 
Witt's argument applied to the tunnelling wave function 
requires a "wide barrier" , more precisely [35j 



1 < exp 



3tt 
2G 



y/V{a) da 



(37) 
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Consequently, if a± ~ 1/(2 A), the previous condition 
cannot hold and we cannot apply the DeWitt argument 
to the tunnelling wave function within the context of PJ 
(i.e., of Section 3), which reads [H| 



3tt 
2G 



y/—V(a) da = + mr, n e N; 



or equivalently 



-VT 



3tt 



to [E(ar) — mK(ar)l = wr, 

2f GA ' 4 



(38) 



(39) 



where a/ is defined in Eq. 

However, it turns out that we can indeed apply the De- 
Witt's argument to the tunnelling (Vilenkin) wave func- 
tion but within the "generalised" analysis for the thermal 
boundary condition (cf. Section HV|) . The condition (pJTj) 
is required to hold. So firstly, we check if this condition 
can be fulfilled. 

Following the analysis of Section IIV1 it turns out that 
the tunnelling wave function favours either (i) a large 
cosmological constant (v j\ — > 0) and a small amount of 
radiation as measured by K (KX — > 0) or (ii) that there is 
no tunnelling, that is, 4^/ A — > 1 which implies 4K A — > 1. 
These features are depicted in Figs. |S] and 

Condition (ii) is incompatible with the condition (|37|) 
because for (ii) there is no tunnelling. 

Condition (i) is compatible (and therefore chosen) 
within the DeWitt 's requirement despite that vj\ — » 
implies g — > 0. For vj\ — > the function g (related to 
the transition amplitude (defined in Eq. (|17[) where m is 
given by Eq. (|24p) can be approximated by 



(40) 



Consequently, the condition ([37]) reads 



1 <C exp 



2A 



(41) 



which implies that the DeWitt argument is satisfied as 
long as the cosmological constant A is much smaller than 



Mp. In this case, the quantisation relation 
3n v 3 



reads 



2 GA 2 4 



(42) 



Substituting the definition of v in the previous equation 
results on 



(43) 



Consequently, the larger is M 2 , the larger is A (for fixed 
values of n, b and n^of)- In addition, the larger is n, the 
smaller is the cosmological constant (given M 2 , b and 
n dof fixed). 

In order to get a relation between M p , M s and n^o/, 
it is necessary to go to the next order in the expansion 
of Eq. (f3"8"]) as a function v/\. 



We recall that the DeWitt 's argument is applied in 
the Lorentzian regions < a < a_ where the tunnelling 
(Vilenkin) wave function is a superposition of ingoing 
and outgoing modes. In fact, the tunnelling wave func- 
tion for a closed FRW Universe filled with radiation and 
a positive cosmological constant in the Lorentzian region 
< a < et_ is a linear combination of ingoing and outgo- 
ing modes and not a sum of decaying and growing modes. 
To be more precise, from a classical point of view the re- 
gion < a < a_ describes a Universe that starts at a = 
and expands up to a maximum radius a_, as depicted in 
Fig. 1 of Ref. [23|. Therefore, the tunnelling wave func- 
tion on this region cannot be formed from decaying and 
growing modes, in particular close to a = 0, because this 
region does not correspond to a Euclidean region. It is 
in absence of radiation (which is not the physical situ- 
ation analysed in this paper) that the tunnelling wave 
function corresponds to a sum of growing and decaying 
modes for < a < 1/(2A), in particular close to a = 0, 
as is illustrated in Fig. 2 of [28|]. We refer the reader to 
Refs. [HI, Hl| for a detailed discussion on the DeWitt's 
argument, the tunnelling wave function and the Hartle- 
Hawking wave function. 

For completeness, let us see what happens to the set 
of parameters once the DeWitt's argument is imposed 
within HH case once the generalised thermal boundary 
condition is assumed. In this case \/v — > 0. Using 10 
Eq. (f3"Tj) . where now to is given by Eq. ([24]) and in the 
limiting case \/v — > 0, it turns out that 



M 2 p ~ _(l + 4n)zA 



(44) 



Furthermore, substituting the definition of v in the pre- 
vious equation results on 



16 



Af^^(l + 4n)^M s 4 . 



(45) 



Notice that the previous expression is fairly similar to 
Eq. (f3T>|) . On the other hand, notice also that the last two 
expressions do not depend on the cosmological constant. 



VI. INCLUDING MODULI FIELDS 

Up to now, we have been using a simplified model by 
considering A constant. However, rather than a cosmo- 
logical constant we expect to have a moduli dependent 
potential A(</>). Moreover, the ratio M 2 /Af 2 will also 
depend on (p (cf. [l[ and references therein). In the het- 
erotic string theory M 2 /M 2 = ayAi/8, where cxym is the 



10 Notice that Eqs. (13 1 I t and (132 I t depend on the amount of radiation 
only through the parameter m. Consequently, these equations 
can be applied for a large amount of radiation (as is the case in 
Section IIIIl l or for an arbitrary amount of radiation (consistent 
with the tunnelling of the Universe as in Section Uvjl by choosing 
an appropriate expression for the parameter m. 
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gauge field coupling strength at the string scale. On the 
other hand, in type I string theory M 2 /Af 2 — g olymI^i 
where g is the string coupling. Our aim in this section 
is to constrain (at least qualitatively) how the Universe 
(in the presence of moduli fields) will behave after its 
tunnelling. This will be presented within the broader 
discussion of the generalised thermal boundary condition 
introduced in Section IIV1 To be more precise, this will 
allow us to discuss in a more self-consistent manner the 
issue of transition amplitude and corresponding probabil- 
ity distribution, when the presence of moduli fields and 
their potentials is of relevance. 



Finally, as we have shown in Section HVl the HH wave 
function (once the generalised thermal boundary condi- 
tion is imposed) implies !//A>l and consequently: 

Unlike for the tunnelling (Vilenkin) wave function, we 
cannot in principle conclude that the Universe will tunnel 
to a weakly coupled regime. Essentially, it is not enough 
to impose that A is much smaller than the Planck scale 
to "predict" the emergence of a weakly coupled Universe. 



A. "Flat" moduli potential 

Let us consider a rather particular situation, namely 
that the moduli potential, V{<j>) = er 2 A(0), is flat enough; 
i.e. 



dX 



« \m\ 



at least just after the tunnelling of the Universe. In other 
words, we take the case (not likely in string theory) that 
the moduli potential is not steep (cf. also [l[). Conse- 
quently, applying the framework introduced by Vilenkin 
in [4J|, we can substitute A by A(</>) in the expressions 
obtained previously. 

Then adapting the expressions in section IIVI consis- 
tently, we found for the tunnelling (Vilenkin) wave func- 
tion that there are two possibilities: 



1. If A~4j/ then 



?Va(^) = ^^(^] (0) 



(46) 



where er 2 = 2G/(37r). By considering that A is 
much smaller than the Planck scale; i.e. A /A/ 2 <C 1 
where G = Af~ 2 and as we are working in a 
semiclassical framework, we can conclude that the 
tunnelling (Vilenkin) wave function (once the gen- 
eralised thermal boundary condition is applied) 
seems to favour the emergence of a weakly cou- 
pled Universe (at least in the heterotic and type I 
theories). 



2. If vj\ < 1 then 



2tt n dof (M a \ 3tt 2 



(47) 



Following the argument of the previous item, we 
can conclude that in this case the tunnelling 
(Vilenkin) wave function (once the generalised ther- 
mal boundary condition is applied) seems to favour 
the tunnelling of the Universe towards a weakly 
coupled regime. 



B. Moduli fields and the tunnelling probability 

In the previous subsection, we have supposed that (i) 
the moduli potential is flat enough and (ii) the potential 
dominates the total energy density in such a way that 
the tunnelling towards an inflating Universe takes place. 
However, it turns out that the moduli potentials are in 
general quite steep, leading to a dominance of the kinetic 
energy density of the scalar field over its potential energy 
[45l ]. This condition is incompatible with the emergence 
of an accelerating Universe. Possible exceptions corre- 
spond to the only flat regions of the moduli potentials 
(that support a tunnelling of the Universe towards an ac- 
celerated regime and are characterised by V'/V <§C 1 with 
' = d/dtp 1 and i labelling the different moduli), which con- 
stitute limited domains close to a positive extremum of 
the potentials 11 QJ. Let us consider (as in [![) a moduli 
potential V cast in the form of an N — 1 SUGRA poten- 
tial, where the Kahler potential involves the real part of 
the dilaton axion field S r and the real part of the volume 
modulus T r . These fields determine the ratio (Af s /M p ) 4 
as l/(S r T?) Q. 

The moduli S r and T r are constrained to satisfy the 
"flat enough" condition near an extremum 



V'/V ~ 0. 



(49) 



This condition is consistent with an accelerated expan- 
sion phase of the Universe after the tunnelling 12 . More- 
over, the maximisation of the transition amplitude of the 
tunnelling (Vilenkin) wave function (once the generalised 
thermal boundary condition is imposed) implies two pos- 
sibilities, adapting the reasoning employed for Eqs. ([46]) 
and f37|). respectively: 

1. The moduli potential is then constrained as fol- 



11 Of course, we are considering that the potential dominates over 
the total energy density after the tunnelling. In particular, V 
dominates over the radiation energy density and the kinetic en- 
ergy of the scalar field. 

12 See footnote [11] 
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lows 
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V{S r , T r ) 



16 n dof 1 
9 b 4 S r T?' 



(50) 



We would like to point out that in this particular 
case the extremisation condition (|49[) comes from 
imposing the emergence of an accelerating Universe 
and not from the tunnelling of the Universe towards 
an inflating Universe. We recall that in this partic- 
ular case the tunnelling (Vilcnkin) wave function 
predicts "no tunnelling" . From now on we will dis- 
regard this case. 

2. The other possibility is that the moduli potential 
is constrained by 



4 n dof 1 
9 6 4 Sri? 



« V(S r ,T r ). 



(51) 



However, the maximisation of the transition amplitude 
of the HH wave function (once the generalised thermal 
boundary condition is imposed) implies (cf. Eq. (148j) ) 



v(s„r r )« 



4 n dof 1 
9 6 4 S r Tf 



(52) 



In summary, the generalised thermal boundary condition 
of Section [TV! when applied to the wave function of the 
Universe, produces less restrictive conditions than the 
ones extracted by BA in [![. 



C. Application to a KKLT-like model 

Before concluding this section, let us apply the above 
discussion to a KKLT mod el |15| . where the effective 
moduli potential is given by [151 ] 



V 



aCe 



2T1 



II',, ( ]-T r a + 1 ) Ce 



d_ 



(53) 



In this expression a, C, Wq and d are constant and 
the rest of moduli have been stabilised (in particular 
S r ~ 0(1) !})■ This potential has a positive maximum 
separating a positive minimum from the asymptotically 
vanishing potential corresponding to the tail of the po- 
tential where the term d/Tj? dominates [l5j . 

Let us see if the conditions (f5Tj) and (|52"|) can be ful- 
filled at the tail of the potential. In this case these con- 
ditions read §-pr- <C d for the tunnelling (Vilenkin) 
wave function and d <C f-fr^ f° r the HH wave func- 
tion (once the generalised thermal boundary condition is 
imposed). It turns out that because 14 d ~ O(10~ 9 ) and 



§-pr- ~ O(10 _1 ) the tunnelling (Vilenkin) wave func- 
tion cannot satisfy the required inequality while the HH 
does it 15 . In any case, despite the previous conclusions, 
the Universe cannot tunnel towards the tails of the po- 
tential because the dominant term d/Tf is too steep; i.e. 



the extremisation condition (|49j) cannot hold. This result 
generalises the one obtained by BA in [l|. 

Finally, let us see if the tunnelling endpoint can corre- 
spond to the extremum of the KKLT potential where the 
extremisation condition (|49|) obviously holds. Let us see 
if the inequalities (|5ip and ([52")) hold in this case. The 
tunnelling (Vilenkin) wave function prefers values such 
that 



4 n dof aCT r e- aT - 
9^ <<d+ 2 



II" i- ( \r r a 



1 Ce 



-aT r 



(54) 



while the HH wave function prefers values satisfying the 
opposite condition. It turns out that the right hand side 
of the previous inequality at the maximum of the poten- 
tial is of order 16 O(10 -9 ), while the left hand side is of 
order O(10 _1 ). Consequently, the tunnelling (Vilenkin) 
wave function does not satisfy the previous inequality at 
the maximum of the potential and even less at the min- 
imum of the potential; i.e. in this case the tunnelling 
endpoint cannot correspond to an extremum of the po- 
tential. Again, this result is not surprising because the 
tunnelling (Vilenkin) wave function prefers a large energy 
density while the extremum of the potential (|53[) are very 
small. Applying a similar argument to HH wave function 
(once the generalised thermal boundary condition is im- 
posed) , we can conclude that the tunnelling endpoint can 
correspond to an extremum of KKLT potential (|53p . 



VII. DISCUSSION AND CONCLUSIONS 

The framework of quantum cosmology [1, [t| [l(| allows 
to establish a probability distribution for the (dynamical) 
parameters that characterise the (multi)-universe asso- 
ciated with the landscape of solutions in string theory 
[H 0, IE B 0- Of course, this probability distribution 
depends crucially on the boundary condition imposed on 
the wave function of the Universe. 

In this context, Brustein and de Alwis (BA) have re- 
cently advanced a thermal boundary condition for the 
wave function of the Universe [l| . It is proposed that the 
decay of all the string excited states created a primor- 
dial thermal gas of radiation. Subsequently, the Universe 
emerged from the string era in a thermal state above the 



The moduli potential V is related to the potential \(<f>) intro- 
duced in the previous subsection by V = cr 2 A. 
We are considering the choice of parameters of the KKLT model 




These results can be understood by taking into account that the 
tunnelling (Vilenkin) wave function prefers a large cosmological 
constant, while the HH wave function prefers a small cosmologi- 
cal constant (See Section llVj l. 
see footnote 1141 
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HH vacuum, with an assigned probability of tunnelling 
into the landscape [H, 0, HI • The essential new ingredient 
in the setting of [l| is that the cosmological constant "de- 
pends" on the amount of radiation (cf. Eq. (Ti~5)) ). As a 
consequence of this fact, the thermal boundary condition 
proposed in [l[ switches the role of the HH and tunnelling 
(Vilenkin) wave functions. More precisely, in the sense 
that the HH wave function (once the thermal boundary 
condition of [l[ is imposed) prefers a non-vanishing cos- 
mological constant larger than the one preferred by the 
tunnelling (Vilenkin) wave function. 

One of our main contributions in this paper (cf. Sec- 
tions |TTT] and [TV} has been to critically analyse the transi- 
tion amplitude, as discussed in [l[, for a closed radiation- 
filled FRW minisuperspace with a positive cosmologi- 
cal constant, either for the HH J8| or the tunnelling 
(Vilenkin) boundary conditions As a conse- 

quence, we have shown that the framework introduced 
in [l[ correspond to a very narrow application of the pro- 
posed thermal boundary condition. 

In more detail, we have proven that the thermal bound- 
ary condition used in [l[ corresponds to the particular 
case or specific choice where the amount of radiation 
present in the Universe is very large 17 ; i.e. 

K\~\~\, (55) 

where K and v are parameters that measure the amount 
of radiation (see Eq. (JT5J) ) and A is a rescaled cosmo- 
logical constant, although maintaining the possibility for 
the Universe to tunnel. In addition, some of the pre- 
dictions for the HH wave function within the framework 
of [l[ are not totally compatible with the approximation 
used therein (cf . Section lllljl . Furthermore, the WKB 
approximation is applied in a not fully cohesive way. 

In Section [TV] we proposed instead a generalised ther- 
mal boundary condition, namely by allowing an arbitrary 
amount of radiation consistent with the tunnelling of 
the Universe; i.e. < AKX < 1. Consequently, the rela- 
tion (|55[) is replaced by the consistent and more general 
Eq. (|20p . We have then concluded that the preferred 
value of the cosmological constant induced by the HH 
wave function (once the thermal boundary condition is 
applied properly) is a vanishing cosmological constant. 
In addition, we have shown that the preferred value of 
the cosmological constant by the tunnelling (Vilenkin) 
wave function (once the generalised thermal boundary 
condition is applied, cf. Section IIV|) is a non- vanishing 
cosmological constant, which can be (i) very large or (ii) 
proportional to the amount of radiation present in the 
Universe as measured by the parameter v (see Eqs. (|19[) - 
pTjl ). In order to select one of these two possibilities 
for the tunnelling (Vilenkin) wave function, we employed 
the DeWitt's argument 

[lEill (cf. Section E|, since 



17 See Fig. [T] 



there is a curvature singularity at small scale factors. It 
turns out that the preferred value of the cosmological 
constant in this case is a large one. Moreover, this condi- 
tion implies a small amount of radiation (as measured by 
the parameter K) allowing consequently the tunnelling 
of the Universe. 

In addition, DeWitt's argument 0, H3, have also 
enabled us to find that the string and gravitational pa- 
rameters become related through an expression involving 
an integer n, suggesting a quantisation relation for some 
of the involved parameters. 

We have also applied the generalised thermal bound- 
ary condition to more realistic models, where rather than 
a cosmological constant we have a moduli dependent po- 
tential (cf. Sections IVI[) . We have concluded that the 
tunnelling (Vilenkin) wave function seems to favour the 
emergence of a weakly coupled Universe. In contrast, 
for the HH wave function we cannot in principle con- 
clude that the Universe will tunnel to a weakly coupled 
regime. Moreover, we have also supplied conditions for 
the moduli, with the assistance of a potential extracted 
from N=l SUGRA, such that a tunnelling towards an 
inflating phase takes place. We have obtained that the 
generalised thermal boundary condition, when applied to 
the wave function of such a Universe, produces less re- 
strictive conditions than the one prop osed by BA in [l[. 
In particular, for a KKLT model [15], the Universe can- 
not tunnels towards the tail of the potential because of 
its steepness. Moreover, the steepness of the potential 
would not support an accelerating Universe. This result 
apply for the HH and tunnelling (Vilenkin) wave func- 
tions, once the generalised thermal boundary condition 
is applied, generalising the one obtained in [l|. In addi- 
tion, we have also shown that the tunnelling end points 
cannot correspond to the extremum of the potential if 
we choose the tunnelling (Vilenkin) wave function, sup- 
plied with the generalised thermal boundary condition. 
However, the tunnelling end points can correspond to the 
extremum of the potential if we choose the HH wave func- 
tion supplied with the generalised thermal boundary con- 
dition. It remains to be analysed how these conclusions 
are modified by considering more accurate potentials for 
KKLT model like the recently advanced in [46|, [4?J ■ 

Before concluding, we would like to stress again that 
one of the key element proposed by BA in [l[ (although 
applying a restrictive thermal boundary condition) is 
that the radiation fluid parameter K "depends" on a 
specific way on the rescaled cosmological constant A (see 
Eq. (|15p ). This lead to a preferred non- vanishing value 
of A when using HH wave function. This result is similar 
to the one obtained by Sarangi and Tye [2l[ (see also 
[22[ HH). However, in this latter case the dependence 
of -R" on A has a completely different physical origin. In 
fact, it comes from the inclusion of decoherence effects 
due (for example) to metric fluctuations [21| . It turns 
out that the quantum fluctuations during the sponta- 
neous creation of the Universe generate some radiation, 
which depends on A (after integrating out the perturba- 
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tive modes appropriately and allowing for back- reaction) . 
More recently, the back-reaction effects on the cosmologi- 
cal landscape scenario have also been analysed by Barvin- 
sky and Kamenshchik [24|. Their results again lead to a 
lower bound on the allowed values of the cosmological 
constant [HI • More importantly, they suggest a mecha- 
nism that eliminates the infrared catastrophe of a small 
cosmological constant in Euclidean quantum cosmology 
(see also (U). Consequently, it seems very important to 
include these back-reaction effects in particular when we 
apply the generalised thermal boundary condition. We 
leave this interesting issue for a future work. 
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